Abstract. Let W2n[f] denote the 2"th partial sums of the Walsh-Fourier series of an integrable function/. Let p"(x) represent the ratio W2n[f, x]/2n, for x e [0,1], and let T(f) represent the function (2p;j)'/2. We prove that T(f) belongs to //[0,1] for all 0 < p < oo. We observe, using inequalities of Paley and Sunouchi, that the operator/ -» T(f) arises naturally in connection with dyadic differentiation. Namely, if / is strongly dyadically differentiable (with derivative Df) and has average zero on the interval [0,1], then the Lp norms of /and T(Df) are equivalent when 1 <p < oo. We improve inequalities implicit in Sunouchi's work for the case p = 1 and indicate how they can be used to estimate the L1 norm of T(Df) and the dyadic //' norm of/by means of mixed norms of certain random Walsh series. An application of these estimates establishes that if /is strongly dyadically differentiable in dyadic H\ then /<j255=i I WN[f, x] -oN[f, x]/Ndx < oo.
Recall that an integrable function / is said to belong to dyadic Hx if S(f) is integrable. In such a case, the 77 ' norm of /is defined by (6) H/Jlff. = ilS(/)H£l.
This norm turns out to be equivalent (see [4] ) to || /*|| L\ where/* = sup">01 JF2» We use this observation in §4 to apply the results of §3 to dyadically differentiable functions. (10) ll»F2.
[/]||,< H/11,11^.11, holds for p > 1, n > 0. However, it is well known (see [3] ) that Dv(x) -2" if 0 < x < 2"" and Dr(x) = 0 for 2"" < x < 1. In particular, (10) implies that
holds for allp > 1 and n > 0. Finally, if we apply inequality (11) to the appropriate expression on the right side of (9), we conclude that
The proof of Theorem 1 is complete.
3. Estimates for S, T and U. In view of (5) the main result in [8] can be summarized as follows. In this section we derive inequalities for certain Walsh series which when specialized to the Walsh-Fourier series case offer improvements to the estimates above. Before stating our results we need addtional notation.
Let IF be a Walsh series, let D be the Walsh-Dirichlet kernel, and let (x, 0) be any point in the unit cube Q. Set
We shall prove the following result.
Theorem 2. Suppose that W is a Walsh series with no constant term. There is an absolute constant A, independent of W, such that:
(ii) ifS(W) E Lp[0,1] for some p > 1 then A sketch of this argument is that (7) is used to show the left-hand side of (22) If we note that (22) applies not only to partial sums but to any connected block of terms of Walsh series (such blocks are differences of two partial sums), we obtain (13) from (23) as in [9] .
Finally, for (iii) we use a string of inequalities which appears at the top of p. 10 in [8] Jo U=i " J A final application of (22) followed by (5) establishes (14) and thus completes the proof of Theorem 2.
4. Applications to the dyadic derivative. In this section we apply Theorems A and 2 of §3 to obtain inequalities relating a function /to its dyadic derivative Df.
Recall that a function / defined on [0,1] is said to be dyadically differentiable in Lp for some// » 1 if the sequence. For any p > 1 let %p denote these integrable functions h which satisfy T(h) E Lp[0,1], and set ||A||% = ||r(A)||L,. If we deal only with those functions A6ff which satisfy a0(A) = 0, then %p is a normed linear space. By Holder's inequality, the 6l)S norms get weaker as p get smaller. Moreover, by Theorem 1 the % norms are all weaker than the L1 norm, p ¥^ oo. However, no % is complete.
The following theorem is an easy consequence of Theorem A and Paley's inequality [7] . This result contains an interesting corollary. If /, /,, f2,... is a sequence of dyadically differentiable functions then a necessary and sufficient condition for fn -» / in Lp norm, as n -» oo, for some 1 < p < oo is that Dfn -^ Df in %p norm, as n -» oo. In particular, if 7)/" -> 7)/in L1 norm, as n -» oo, then/, -* fin Lp norm, as « -» oo, for every// ^ oo. Theorem 3 does not hold for /> = 1. Nevertheless, certain one-sided inequalities for// = 1 can be derived from Theorem 2 by applying it to W= W[f], where/is dyadically differentiable in L1, and those one-sided inequalities improve those implicit in Theorem 3 just as Theorem 2 improved those implicit in Theorem A. Moreover, each of the 77 ' norms on the right side of inequalities (12) 
